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Abstract 

This paper considers Lieb-Thirring inequalities for higher order dif- 
ferential operators. A result for general fourth-order operators on the 
half-line is developed, and the trace inequality 

tr ((-A)^ - Cffj^ - V{x)y < dx, 7 > 1 - ^, 

where is the sharp constant in the Hardy- Rellich inequality and where 
C-^ > is independent of V, is proved for dimensions d = 1,3. As a 
corollary of this inequality a Sobolev-type inequality is obtained. 



1 Introduction 

This paper concerns Lieb-Thirring inequalities with critical exponents. Well- 
known results in this area are the Lieb-Thirring inequalities 

tr{{-Ay-V)l<C [ V{xr+iidx, 7>l-4 

in the space {W^), where I > d/2, as discussed in [Wei96] and [NW96]. 

Recent papers such as [EF06] and [FLS08] combine Lieb-Thirring inequalities 
with the sharp Hardy- ReUich inequalities of the type 

\W^u{x)\' dx>Cf^ f ^4^dx, (LI) 



where I < d/2, as discussed in [Yaf99]. This case, however, does not admit a 
critical exponent. The inequalities thus obtained are of the type 



tr((-A)'-C™^-y(x)) <C I V{x)l^^dx, 7>0. 
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For inequalities with critical exponent, we again turn to the sharp Hardy- Rellich 
inequality (1.1), but this timo wc assume that I > d/2 and I — d/2 ^ Z. In this 
case the inequality is vahd for u G C^(K'' \ {0}). In [EF08], the following 
inequality is obtained for the case I = d=l: 

where the operator on the left-hand-side is taken with Dirichlet boundary con- 
ditions at 0. In the present paper, we develop these techniques further to prove 
the critical exponent inequality 

tv({-^f-C^^±-^-V{x)y<C-,j^V{xy^-^dx, l>l-\, (1.2) 

for the fourth-order cases I = 2 and d = 1,3, where the constant Cy > is 
independent of V . Again, the operator in question is considered with Dirichlet 
conditions at 0. 

In fact, we prove such an inequality for a general fourth-order operator on 
the half-line, from which the results for the bi-laplacian with Hardy weight in 
dimensions d = 1, 3 follow. This way we actually get a more general result than 
(1.2) in the case c? = 1, by introducing a weight in the integral on the right- 
hand side. Such weighted inequalities exist for any 7 > 0, and the weight can 
be chosen such that 7 is still the critical exponent. 

The methods for proving this general result origin in [Wei96], [NW96] and 
[EF08]. In this paper no Sturm-Liouvillo or Green's function theory is needed. 
One interesting technical result is the Sobolev-type inequality of Lemma 3.2. 

It is worth noting that the proofs employed here can be extended to higher order 
Z > 3 and dimensions d such that I > d/2 and I — d/2 ^ Z, even if this would be 
somewhat tedious. 

Finally, an immediate consequence of inequality (1.2) is a Sobolev-type inequal- 
ity that estimates the L^'-norm of a function u € C^(R\{0}), for 1 < p < 00. 



2 Main Results 



We prove trace inequalities in dimensions d= 1,3 for the fourth-order operator 

1 



H = Hq-V, where Hq = (-A)^ - C,"^ 



2 U|4- 



Theorem 2.1. Let <v <i and 7 > (3 — z^)/4. Then, for any non-negative 
V such that V{xY^''^^'^^/'^x^ is integrable on (0,oo), the form 

u ^ {\u"{xf - - V{x)\u{x)\''^ dx, 

is lower semi-bounded on C^(0,oo). Let Hq — V be the self-adjoint operator 
corresponding to the closure of this form. Then the negative spectrum of Hq — V 
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is discrete, and there is a constant C = C(z/, 7) > 0, independent of V , such 
that 



t-OC 

tr(i?o -V)1<C / Vixy+'-^x" dx. 
Jo 



The weight in the integral on the right-hand side is important for two different 
reasons. First of all, it allows us to consider arbitrarily small 7 > 0. Second, 
it allows us to pass to higher dimensions, as seen in Lemma 4.5 which is an 
important part of the proof of the following theorem: 



Theorem 2.2. Let 7 > 1/4. For any non-negative V G L'>'+"^/'* (M"^), the form 
u - (\l^u{xt - Cf^""^^ - dx, 

is lower semi-hounded on {M?\{QY) . Let Hq — V he the self-adjoint operator 
corresponding to the closure of this form. Then the negative spectrum of Hq — V 
is discrete, and there is a constant C = C{'y) > 0, independent of V , such that 



tr{Ho - V)l <C I V{xy+i dx. 

iR3 



In fact, these results follow from a result for a class of general fourth-order 
Schrodinger operators on the half-line. The proof of this result captures all the 
essential ideas in this paper, and can be used to prove similar results for other 
fourth-order operators than the bi-laplacian with a Hardy term. 

Theorem 2.3. Let a > 0, P > 0, < u < 3, u < 2/3 and j > {3 - Then, 
for any non-negative V such that V{x)^~^^^~^^')^^x^ is integrable on (0,oo), the 
form 



d f 1 d f u{x) 



dx \x"dx \ xl^ 



is lower semi-bounded on Cq°{0,oo). Let Hq — V he the self-adjoint operator 
corresponding to the closure of this form. Then the negative spectrum of Hq — V 
is discrete, and there is a constant C = C{a, (},v,^) > 0, independent of V , 
such that 



/■OO 

tr{Ho -V)l<C Vixy+^x"" 
Jo 



dx. 



The proofs of these three theorems are postponed until Section 5 

An immediate consequence of these theorems is the following Sobolev-type in- 
equality: 

Corollary 2.4. Let d = 1,3 and 1 < p < 00. Then there are constants D\, D2 > 
such that 

(^JJul^Pdx^ '' < J^^(^\u'\xf-D^^-^^^ + D2\u{x)\^yx, u e Co°°(M'^\{0}). 
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Proof. We prove only the case = 1, as the other case is similar. Let g > 1 be 
such that + = 1. Setting u = and 'J = q — 1/4 in Theorem 2.1 and 
letting 

E{V)=iida{Ho-V) 

we obtain that 

E{Vr>-C\\V\\ldx, 

for any non-negative F € (0, oo), where C > is independent of V. It follows 
that 

Ho-V + C^/''\\V\\l^^>0, 

and hence 

J^^ (^\u"{x)f - - V{x)\u{x)\' + CV7||y||^/7|„(^)|2^ > 0^ 

(2.1) 

for any u G Cq°{0, oo) and any non-negative V G L'^ (0, oo). Fix u G Cq°{0, oo) 
and consider the linear functional i„ : (0, oo) —^ C given by 



L 



oo 

2 



L„F= / V\u\Ux. 



Choose V e U' (0, oc.) with || V^H, = 1 and write V = Vr + iVj, where Vr, and V/ 
are real- valued. Furthermore, let and be the positive and negative parts 
of y^, respectively. Define V/ and Vf similarly. Note that \\Vj^\\q < \\V\\q = 1 
and hence by (2.1), 

LuVj^ < {\u"{xf - Cf^\2^ + C'h\u{x)\^^ dx, 

and similarly for V3, and V£. Hence i„ is a bounded functional with 

\\Lu\\ < (\u"{x)t - Cf^^^^ + C'/^u{x)\^^ dx, (2.2) 

The Riesz representation theorem give us that |up € LP (0,oo) with 



\u\\ = \\K\\ 



and since u G Cq°(0,oo) was arbitrary, the result fohows from (2.2). □ 



3 An Auxiliary Operator on a Finite Interval 

In this section, some auxihary results for a certain operator on a finite subinter- 
val of (0,oo) will be proved. These results are the key ingredients in the proof 
of Theorem 2.3. Throughout this section, the constants a and (3 will be fixed 
and satisfy 

3 

a > and < (3 < - + a. 
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For b > 0, define the closed quadratic form 



hb[u] = 



. , 2 

6+1 



1 / u{x) \ ' 



X 



dx, 



witii domain D[hi,] = H"^ {b,b + 1). As usual, there is a canonically defined 
sesqui-linear form, denoted by •] from which hb arises, but we will make no 
distinction between the quadratic and sesqui-linear forms. Let Hf, denote the 
self-adjoint operator in {b,b+ 1) associated with hb- We will henceforth fix 
the functions 

fi{x) = x^ and /a (a;) = x''+^+\ 

and note that /i, /a S D [hb], as well as hb[fi,v] = hb[f2,v] = for any function 
veD [hb]. Therefore, h, h ^ D {Hb) and 

Hbh = and Hbf2 = 0. 

When describing properties for hb, certain natural conditions on the functions 
u € D [hb] will appear. These conditions are 



6+1 

u{x)x'^dx = (3.1) 



and 



6 V 



a;" dx = 0. (3.2) 



Let us start by looking more closely at the nature of these conditions: 
Lemma 3.1. Let b> 0. Then the following hold: 

(i) IfuGD [hb] satisfies u ^ 0, (3.1) and (3.2), then the functions fi, /a and 
u are linearly independent. 

(ii) For any v G D [hb] , there are constants ci . C2 € C and a function u G D [hb] 
such that (3.1) and (3.2) hold and such that 

V = ci/i -I-C2/2 + w. 

(iii) Suppose that F C D [hb] in a linear set and has dimi^ > 3. Then there is 
u € F with u ^ that satisfies (3.1) and (3.2). 

Proof. It will be useful to consider the transformation T defined by 

{Tv){x) = (^^J , veH'{b,b+l), 
as well as the function g{x) = x". Note that Tfi = and T/2 = {a + l)g. 
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(i) Let u G D [hb] satisfy u ^ 0, (3.1) and (3.2). Because of (3.1), it must be 
that Tu ^ 0. Also, sinco / Tu ■ gdx = hy (3.2), the functions Tu and g 
are linearly independent. 

Choose scalars rji, 772, r?3 such that 771/1 + 772/2 + 773U = 0. Then 

= T {ijifi + 7^2/2 + %") = m{a + 1)5 + mTu. 

But since the functions g and Tu are linear independent, it must be that 
V2 = il3 = 0- It follows that r/i/i = 0, and thus also 771 = 0. 

(ii) Choose v G D[hb]. Let w = Tv G L^(6, 6+1). Using orthogonal pro- 
jections one finds that there is a constant c and a function w such that 
w = eg + w and {w, g) = 0. Let 



u{x) = x^ w{t) dt and C2 



b a+ 1 

Again by projecting, we find a constant d and a function u such that 
w = dfi + u and (u, /i) = 0, that is, u satisfies (3.1). Note that Tu = 
Tu—dTfi = Tu = w. Since {w, g) = 0, we get that u satisfies (3.2). Now, 
T{c2,f2 + u) = eg + w = w. Hence T [v — (C2/2 + u)) = 0, and therefore 
there must be a constant ci such that 

v{x) - (02/2(2;) -\-u{x)) 
='^- 

Thus, 

V = Cl/l +C2/2 + u, 

and since /i, /2, v S D [hb\, it follows that u G D [hb\. 

(iii) Clearly, F has a two-dimensional subspace G orthogonal to span{/i}. This 
means that every u € G satisfies (3.1). 

Let us prove that TG is two-dimensional. Let vi,V2 € G be linearly 
independent. Choose ci,C2 € C such that eiTvi + C2TV2 — 0. It follows 
ny the definition of T that Cit;i + C2W2 = c/i for some constant c G C. 
Since the functions ?;i; V2 and /i are linearly independent, it must be that 
ci = C2 = 0. This shows that Tv\ and Tv2 are linearly independent. Hence 
TG is two-dimensional. 

In particular there is a lo € TG, with w 7^ 0, orthogonal to g. Find u & G 
such that Tu = w. Then u satisfies u and (3.2). And since u € G, it 
also satisfies (3.1). □ 

Lemma 3.2. Let < ly < 3 and v < 2(3. There is a eonstant > sueh that 

sup My)l<cMH 

b<y<b+l y 

for any 6 > and any u € D [hb] that satisfies (3.1) and (3.2). 

Proof. The proof is divided into two cases. The first case is when < 6 < 1 and 
the second case is when 6 > 1. 
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Case 1. Choose b with < 6 < 1 and u £ D [hb] with u^O, that satisfies (3.1) 
and (3.2). Also choose y with b < y < b + 1. Clearly, 



= (2/3+1) l\{t)t^ dt + -^''^+') dt, 



and also 

u{y) 



((^^1)2/3+1 _y2/3+l^ =_ j^J^i^ ((^i)2/3+l_^2/3+l^y 

= (2/3+1) £uV)i'^di-£^'(^y((w)2'^+^-i^^+^) 



Hence, using (3.1) 
w(y) 

y/3 



^^{^[{^) (3.3) 



where 



(& + 1)2/3+1 _ 52/3+1 ■ 

Similarly to the above, using (3.2), we find that for any t with h <t <b + l, 
where 

1 

To = 



(6 + 1)2«+1 - 62a+l ■ 

Combine (3.3) and (3.5) to obtain 

«(y) 

where 



rb+l ft I 



= i. !^y^ (^2a+l_j,2a+l)^a (^2/3+1 _ ^2/3+1^ 



1 / ?i(.T) \ ' 
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and 

/4 = 



x0 



((^^l)2a+l_a;2a+l^^a ((;^l)2/3+l_i2/3+l^ 



It remains to find constants Ci, C2, C3, C4 > 0, independent of 6, u and y, such 
that 

<C,-/i6M, j = 1,2,3,4, 
since then we can use the fact that Fi < 1 and r2 < 1, to conclude that 

< 4 (Ci + C2 + C3 + C4) hb[u]- 



Note that by the Cauchy-Schwarz inequality. 



\y^-^h\^ <Ji{b,yf-hb[u] 



where 



.2(a+/3) 



\ 1/2 



and similarly for I2, h and 1^. Now, as soon as a > 0, < /3 < 3/2 + a, 
< 1/ < 3 and 1/ < 2/3, some calculations show that there exists constants 
Ci, C2, C3, C4 > such that for any 6 > and y with 6 < y < 6 + 1 

Jn{b,yf<Cn, n = l,2,3,4. 

Case 2. Choose 6 > 1, it G D [hb] that satisfies (3.1) and (3.2), and y G [h, 6+1]. 
Set w(a;) = u{x)/x^ . By (3.1) and (3.2), there are points x\,X2 G 1] such 

that 

t;(a;i) = and v'{x2) = 0. 



Let us start by showing that 



< hb[i 



1 



62(a+/3) • 



b<t<b+l. 



(3.7) 



Choose t with 6 < f < 6 + 1. Assume first that b> X2. Note that 



v'{x)y 



dx. 



Hence, 



< 
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The case when 6 < a;2 is handled in a similar way. This concludes the proof of 
equation (3.7). 

Now, assume that y>X\. It follows from (3.7) that 

2 



Hy)Y 



<-f 

< ht,[u 



v'{t) 



dt 



f 



dt- I t^"dt 



1 



62(a+/3) 



(6+l)^«. 



Therefore, since 6 > 1 

u(y) ^ J_ (6+l)2("+/3) 

By similar arguments, this inequality also holds when y < Xi. 



□ 



Proposition 3.3. Let < v < 3 and v < 2(3. There are constants D^, E,^ > 
such that for any 6 > and any non-negative bounded potential V ^ that 
satisfies 



rb+l 

/ V{x)x'' dx<D^, 

Jb 



(3.8) 



the operator Hb — V has negative spectrum consisting of exactly two eigenvalues, 
—El and —E2, that satisfy 



El < E^ and E2 < E^. 



Proof. For given 6 > 0, let 



9b = /2 



Jb^^ fif2dx 



■h, 



so that /i and Qh are orthogonal in L'^ (6, 6+1) and span the same subspace as 
fi and /2. Introduce 



1 \h{x)?dx 



4 6>0 



sup 



and B2 = — inf 
4 6>o 



!l^'\gb{x)\^dx 



sup 

b<y<b+l 



b<y<b+l 

Elementary calculations show that Bi > and i?2 > 0. Now set 

B = min{Si,S2}. 
Let > be as in Lemma 3.2, and 



D,, = min 



B 



B 



1 



2c,(i + B)' 2Co(i + s)' a 

Note that this in particular implies 

C^D^ < 1 



— > and El, 



1 



Co{l + B)- 



(3.9) 
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CoE^ + 2C^D^<l (3.10) 

and 

BE^ > 2D^. (3.11) 

Choose 6 > and a non-ncgativc V ^ that satisfies condition (3.8). 

Step 1. Let us start by showing that Hi — V > —E,y, in the sense of quadratic 
forms. Choose v G D [hb]. By (ii) of Lemma 3.1 there are constants Ci,C2 € C 
and a function u G D [hb] for which (3.1) and (3.2) hold, such that 

V = Ci/i + 0255 + U- 

Write w = Cifi + C2gb and observe that 

\w{xt dx = ^ {\cr\^ \Mx)\'dx + \c2\' \9b{x)\'dx\ 

\ b<v<b+i y b<y<b+i y J 

\w{y)\^ 



> BEj, ■ sup 

b<y<b+l y 

In other words, using (3.11), 



E f^~^^ 



1^ dx-2D^ sup > 0. (3.12) 

lb ' ' ' b<y<b+i y" 



Consider the quadratic expression 

rb+l r-b+1 

g[v] = hb[v] - / V{x)\v{x)\'^ dx + E^ / \v{x)f dx. 

Jb Jb 

We have to prove that g[v] > 0. Note that hi,[v] = hb[u]. Then use the facts 
that |a + 6p < 2\a\'^ + 2\b\'^ and \a + b\'^ > ||a|^- |6p, for any a,bGC, together 
with (3.8), (3.12) and Lemma 3.2, to get that 

g[v] > hb[u] - I ^{E, + 2V{x)) \u{x)\^ dx+ (^- 2V{x)] \w{x)\^ dx 



>hb[u]- sup |«(y)|2.£,-2 sup ^^-I?, 

b<v<b+l b<y<b+l V 



dx — 2Di, sup 



lb b<y<b+l y 

> hb[u] (1 - {CoE^ + 2C^D^)) > 0. 

Step 2. Continue by showing that the negative spectrum oiHb—V is discrete and 
consists of at most two eigenvalues. Let E be the spectral measure corresponding 
to Hb — V , and denote by N-{Hb — V) the rank of E{—oo, 0). From Glazman's 
lemma, see Remark 3.4, it is known that 

iV_(ffb-y) =supdimi^, (3.13) 

F 
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where the supremum is taken over all linear subsets F C D [hb] such that 

hbif]- f'^' V\f\^dx<0, 
Jb 

for any f € F with / 7^ 0. Suppose that F C D [/if,] is a linear set that satisfies 
dim_F > 3. By (iii) of Lemma 3.1 we find a u e F with u ^ that satisfies 
(3.1) and (3.2). It follows from Lemma 3.2, (3.8) and (3.9) that 

/•b+i \u(v)\^ /■^+^ 

hb[u]- Vix)\uix)\'^ dx>hbiu]- sup ' '^'^'^ / V{x)x" dx 

Jb b<y<b+l y" Jb 

> hbiu] - C^D^yhbiu] 

> 0. 

Using (3.13), this shows that 7V-(i?5 -V) <2. 

Step 3. The final step is to provide the existence of at least two negative eigen- 
values of Hi) — V . Let F = span{/i,/2}. Clearly hb[f] = for any f G F. In 
particular 

fb+l 

hbif]- V\ffdx<0, 
for / e F with / 7^ 0. Again using (3.13), it is seen that N_{Hb -V)>2. □ 

Remark 3.4 (Glazman's lemma). Much of the variational techniques used 
here origin in Glazman's lemma. This lemma, discussed in e.g. [BS92] states 
the following: 

Let be a separable Hilbert space, and D a dense, hnear subset of Suppose 
that the semi-bounded quadratic form a is closable on D, and denote by A the 
self-adjoint operator corresponding to the closure of a. Also let E be the spectral 
measure corresponding to A. Then 

rankiJ(— oo,a;) = sup dim F, 

where the supremum if taken over all linear subsets F C D such that 

4f]<x\\ff, f^FJ^O. 



4 Weil-Behaved Potentials 



In this section we restrict ourselves to bounded potentials V of compact support. 
One obvious reason for this is to avoid difficulties in defining operators 

H = Ho-V, where Ho = {-Af - C™^- 

Indeed, when V is bounded, this operator is simply defined as an operator sum 
with domain D{H) = D {Hq). 
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4.1 General Half-Line Case 



We start by proving the general half-line result that follows from Proposition 
3.3. The proof uses techniques from [Wei96] and [EF08]. 

Proposition 4.1. Let a > 0, (3 > and < u < 3, u < 2/3. Define the 
quadratic form ho as the closure of 



1 d f u{x) 



dx \ x" dx 



dx. 



on C^{0, oo). Let Hq he the self-adjoint operator in (0, oo) corresponding to 
Hq. Then there is a constant C = C{a, /?. z/) > such that for any non-negative 
hounded potential V with compact support in (0,00), the negative spectrum of 
Hq — V is discrete and 

tr(JJo -V)J <C V{x)x'' dx. 



Proof. Let and E^, be as in Proposition 3.3. Choose a bounded ^ > 
with suppy <1 (0,00). Define a sequence of numbers ai < 02 < • • • by setting 
ai = min supp V > and recursively, 



V{x)x" dx = D^, 



(4.1) 



for j > 2. The recursion stops for j = n, when a„ > max supp^. Indeed, the 
sequence is finite, since 



V{x)x'' dx 



for any j. Let gq = and a„+i = 00. 

For < j < n, consider the quadratic forms 



9j 



[v]= / 



d_ 
dx 



1 d 
x°' dx 



v{x) 



dx. 



For 1 < J < n, the domain of gj is D [gj] = {aj, dj+i). For j = 0, it can be 
shown that go is closable on Co°((0, Oi]), and we consider it as the closure on 
this domain. In this way all the forms gj are closed. Let Gj be the self-adjoint 
operator in (aj,Oj+i) corresponding to gj. 

By comparing quadratic forms and their domains of definition, we get that 



Ho-V> 0(G, - V). 
j=o 

Note that Gj — V > for j = and for j = n, since 1^ = on (oj, a^+i) for 
j = 0, n. Therefore, if we can prove that the negative spectrum of Gj — V is 
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discrete for j = 1, 2, . . . , n — 1, it follows that the negative spectrum of Hq — V 
is also discrete. In this case, 

n-l 

ti{Ho - VYT < tr{Gj -V)^. (4.2) 

Let 1 < j < n — 1 and define a unitary transformation from (aj,aj+i) 
onto {bj, bj + 1) by 

v){x) = (flj+i - aj^/'^v {{aj+i - aj)x) , 

where bj = aj/{aj+i ~ %)■ Clearly, 

Gj-V = i {H,^ - Vj) ^, 

where ifb is the operator discussed in Section 3 and where 

= {aj+i - aj)^V {{uj+i - aj)x) . 

Note that by (4.1), 

/ Vj{x)x'' dx = D^. 



Hence by Proposition 3.3, the negative spectrum of Hi,. —Vj, an therefore also 
of Gj — V, is discrete. By the same proposition and (4.1), 



1 



triGj-V)J =- tr{H,^-V,] 



2 3^ 



V{x)x'' dx. 



We have thus shown that the negative spectrum of Hq — V is discrete, and by 
(4.2), that 

tT{Ho - V)~ < / V{x)x'' dx. □ 



By standard methods, as described in [Hun07], and originally in [AL78], this 
result extends to an inequality for tr(ifo — for any 7 > 7c, where 

Corollary 4.2. Let a,(3,v and Hq be as in Proposition 4-1- Then, for any 
7 > 7c; there is a C = C{a, > such that for any non-negative, bounded 

potential V with compact support in (0,oo), 



POO 

tr(iJo -V)l<C / V{xy+''-^'x'' dx 
Jo 
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4.2 The Fourth-Order Operator on the Half-Line 

We now consider the fourth-order operator d'^/dx^ — C^^/x^ — V{x) in (0, oo), 
where C™ = 9/16 is the sharp constant in the classical Hardy-Rellich inequality 

r dx > Cff r dx, u e Co°°(0, oo) . 

Jo ' Jo ^ 

Proposition 4.3. Let < u < 3 and consider the operator 

d^ 1 

TT _ " ^HR J- 

"°-d^-^'''^ 

in (0, oo) defined as the Friedrich extension of the corresponding operator 
initially defined on C^(0,oo). Then, for any 7 > (3 — i^)/4, there is a C = 
C{y,^) > such that for any non-negative, bounded potential V with compact 
support in (0,00), the negative spectrum of Hq — V is discrete and 



POO 

tv{Ho -V)l<C Vixy+^x"" 
Jo 



dx. 



Proof. Note that since C™^ = 9/16, the closed quadratic form ho corresponding 
to Ho is the closure of 

on Cq°(0, 00). By partial integration we see that for u € Cq°(0,oo), 



lo dx \x" dx 



d f 1 d f u{x) ^ ^ ^ 



where 

VTO-2 3 

a = and p — —. 

2 2 

Hence the result follows from Corollary 4.2. □ 



4.3 The Fourth-Order Operator in Three Dimensions 

Let us turn to the operator (-A)^ - Cf^ /\x\'^ - V{x) in (r3^_ j^^ j^s 
have the Hardy-Rellich inequality 

/ \Au{x)\^dx>Cf^ f ^^^^dx, neCo~(M^{0}), 

where the sharp constant C™ conveniently enough coincides with C™* — 9/16. 

We denote by 5^ and cr the unit sphere and two-dimensional surface measure in 
'S? , respectively. Let F„, n = 0, 1, 2, ... be the normalized cigcnfunctions of the 
Laplace-Beltrami operator in LF' (S'^,cr). The eigenfunction y„ corresponds to 
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the eigenvalue n(n+l), and in particular Yq is constant. Consider the canonical 
isometric isomorphism 



n=0 



given by 



'^u={un}^^Q, where Un{r) = r u{r9)Yn{9) da{9) 
for u e C^(M-^\{0}). For such u, it is the case that w„ e C^(0,cxd) and 
^i-Au) = |-<(r) + n(n + 1)^^ 



(4.3) 



Finally, let = i^' ^^'^ consider the orthogonal decomposition 

Jf = Jfi® -M, where 

-^1 = {{un}n=o ; w„ = forn > 1} and = {{u„}~=o ; = 0} . 

Let Pi and P2 he the orthogonal projections in ,Jif onto the subspaces Jifi and 
J^, respectively. Depending on context, we will sometimes identify Jfi with 
the space (0, 00). 



Lemma 4.4. For any u e Cq°{0, 00) anrf arj?/ c > 0, 



„, , u(x) 



|«(x)|^ 



dx. 



Proof. Choose u € Cq°(0,cxd) and any c > 0. Recall the classical Hardy- Rellich 
inequalities 



/■oo 1 /.c 



dx 



and 



/•oo /"C 

/ \u"ix)\'dx>Cf^ 
Jo Jo 

It follows from (4.4) that 



\u{x)\' 



dx. 



I 

Jo 



°° |w'(a;)|2 , 9 
' dx > - 



\u{x)\' 



dx. 



Now, by partial integration. 



,,, , u(x) 
-u"{x) + c-^ 



dx 



|«"(x)|2 + 2c^^^ + (c^-6c) 



|m(.t)P 



Combine this with (4.5) and (4.6) to obtain the result. 



(4.4) 

(4.5) 

(4.6) 

dx 
□ 
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Lemma 4.5. Let 7 > 1/4 and let G^^ be the self-adjoint operator in M\ 
1? (0, 00) that corresponds to the closure Qq^ of the quadratic form 



initially defined on Cq°(0,oo). Then there is a constant C'-^-' = C^^\'y) > 
such that given a non-negative V G Co°° (K-'^\{0}) and V^'^^ = P^^V^-^Px, 
the negative spectrum of Go — V'^^^ is discrete and 

tr ( G^'^ - 1/(1))^ < / V{xr+i dx. 

Proof. Use Proposition 4.3 with i/ = 2 to obtain a constant C = C(7) > such 
that for any non-negative W G C^(0,oo), the negative spectrum of Gq^^ — W 
is discrete and 

tr (g^o^ -Wj <C J W{r)'^+i dr. 

Note that for any non-negative V € C^(IR^\{0}), the operator V^^^ is simply 
multiplication with the function V € Co°(0,oo), where 

V{r) = ^^ [ V{r0)da{0), r > 0. 

In particular, the negative spectrum of Gq^^ — V^^'^ is discrete and 

tr (g[,^) - G j Viry+i r^ dr 

since by Holder's inequality, 

V{ry^i < — ^ / VirOy+i da{e), r > 0. □ 

<y{b ) Js2 

We will use the following fourth-order Lieb-Thirring inequality in (M^) , that 

follows from more general results in [NW96]. The operator (— A)^ is of course 
defined as the self-adjoint operator in (M^) corresponding to the closure of 
the quadratic form 



/ |Aw(a:)|^ dx, u e G^(R3\{o}) . 



Lemma 4.6. For any 7 > 1/4, there is a constant D = D{'y) > such that 
for any non-negative V € Gq°(]R^\{0}), the negative spectrum of (— A)^ — V is 
discrete and 

tr ((-A)2 -Vy_<D f V{xy+i dx. 
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Lemma 4.7. Let 7 > 1/4 and denote by G^^ the self-adjoint operator in M'l 



(2) 

corresponding to the closure of the quadratic form 

00 „ 



<(r)+n(n+l)^ 



initially defined on D := P2''if iM?\{<d}) . Then there is a constant C'^) > q 
such given a non-negative V e C^(M^\{0}) and V^'^^ = Pi'^V^-^Pi, the 
negative spectrum of — V^'^'^ is discrete and 

tr f - ^ < / V{xr+i dx. 

Proof. Consider the operator (— A)^ in (M ') . Let the constant D > be as 

in Lemma 4.6. By (4.3), the operator Gq'^ := '^(— A)^'^"-^ corresponds to the 
closure in Jif of the quadratic form 



00 ^ 



-<(r)+n(n+l)^ 



initially defined on D := ^C^(R3\{0}). 

Choose V e Co°°(ffi^\{0}) and let V^^) = P2^y^-ip2 and F^^) = ^y-^-i. 
Denote by and E the spectral measures corresponding to the operators Gq'^ — 
y(^) and G^^ — V^'^\ respectively. By Glazman's lemma, 



ranki;(-oo, - A) < rank £'(-00, - A), (4.7) 

for any A > 0. Lemma 4.6 shows that the negative spectrum of G^q^ — V^'^-* is 
discrete and that 



(G(2)_f(2)^^ <^ I v{xy'+'idx. 



tr 

The result follows from this and (4.7). 

Proposition 4.8. Define the quadratic form ho as the closure of 



□ 



dx 



on Co° (M^\{0}) . Let Hq be the self-adjoint operator in L^ (R^) corresponding 
to ho- Then there is a constant C > such that for any non-negative V € 
C^(M"^\{0}), the negative spectrum of Hq — V is discrete and 



tr(ffo -V)^J^<G [ V{x) dx. 



Proof Let g[,^\ g[,^\ g^o\ C^^^ and C^^) be as in Lemmas 4.5 and 4.7. 
Choose any u G C^(R3\{o}) and e with < e < 1. Write {un}~=o = 
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and note that each u„ e Co°(0,oo). Using (4.3) and C™ = ^ff") ^^'^ finally 
Lemma 4.4 it follows that 



oo ^ 

/ioM=E / 

oo 



-M^(r) + n(n + 1) 



-<(r-)+n(n+l)^ 



Fixing e = 1/(1 + Cf^) we get that 



dr 



dr. 



(l-e)(l + C™)-C™ = 



and thus 



ho[u] > .9^'^ [Pi^7i] + £.9^'^ [P2"'^«] , 
for any u e (M-^\{0}). Since C^f (M-''\{0}) is initial domain of Iiq and since 

the initial domains of 5^^^ and g^^^ are Pi'^C^ (R3\{o}) and P2'^C^(lR^\{0}), 
respectively, it follows that 



Choose V e Co°°(R3\{0}) and let W = f/VfZ-K = PiWPi and F^^) = 
P2WP2- Since W is bounded and non-negative, it follows for any f & ^ that 

2Re(PiWP2/,/) < 2 ||W^/'P2/|| ||w^'/'Pi/|| < {PiWPifJ) + (P2VFP2/,/). 
Hence 

and therefore 

> (g« - 2y(i)) © e (^g[,^) - ^1/(2)^ _ 
The result now follows from Lemmas 4.5 and 4.7. □ 



5 Proof of the Main Results 

We are now in a position to prove Theorems 2.1, 2.2 and 2.3. This will be accom- 
plished by approximating general potentials with smooth, compactly supported 
ones, as in the abstract lemma below, and then combine this with Corollary 4.2 
and Propositions 4.3 and 4.8. 
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Lemma 5.1. Let O he an open subset ofMr. Suppose that Hq is a non-negative 
symmetric operator in LP' (fi) , defined on (O) . Let Hq be the Friedrich ex- 
tension of Hq, and choose 71 > 0, 72 > 1 and v > 0. Suppose that there is 
a constant C > 0, such that for any non-negative V e Co°(0), the negative 
spectrum of Hq — V is discrete, and 

tr{Ho - Vyj <C [ Vixy^lxl"" dx. 
Jn 

Then, for any non-negative potential V such that V{x)'^^x'^ is integrable on O, 
the quadratic form 

h^[u] = {Hou, u)- f V{x)\u{x)\'^ dx, u G C^{n) 
Jn 

is semi-bounded. Furthermore, if we let Hq — V be the self-adjoint operator 
associated with the closure of the above form, then the negative spectrum of 
Hq — V is discrete and 

tr(^Ho-Vy' < I V{xy^\x\'' dx. 

Proof. Choose a non-negative V such that 

D := I V{x)'<^\x\'' dx < 00. 
Jo, 

Also choose a sequence Q < Vi < V2 < ■ • • < V such that each Vn belongs to 
C^(ri) and such that for almost any a; e f2, 

Vn{x) as n — > 00. 

By assumption, we know that the negative spectrum of FIq — is discrete and 

tr(/?o - VnV- <C [ Vn{xy^ Ix]"" dx < CD. (5.1) 
Jn 

Hence in particular, 

infa(^o-K) > 
Note that for given u € C^{fl), monotone convergence shows that 




and therefore hy is lower semi- bounded by -{COy/^^ on C^{n). Recall that 
the operator Hq — V is defined as the self-adjoint operator associated with the 
closure of h^. 

Let E and E„ be the spectral measures corresponding to Hq — V and Hq — V„, 
respectively. For A > 0, let 

iV(A) = ranki?(— 00, — A) and A''(A, n) = rankE„(— 00, — A). 
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For fixed A > 0, Glazman's lemma shows that 

N{X,1) < iV(A,2) < ••• < N{X), 

and since 

N{X, n) ■ ATI < tr(^o _ Vn)!' < CD, 

it must be that 

A''(A,oo) := lim N{X,n) < oo. 

n—*OG 

Since N{X,n) only assumes integer values, it follows that there is an integer 
m = m(A) > 1 such that 

N {X, oo) = N{X,n), n>m. 
Let us prove that for any A > 0, 

N{X) = N{X,oo). (5.2) 

Fix A > and let N = A^(A,oo). Assume that N{X) > N. Then in fact it is 
possible to find a. S > such that N{X + 6) > N. Again using Glazman's lemma 
we find a hnear set F C C^(0) with dimF = N+1 such that 

hv[f]<-i^ + S)\\f\\' (5.3) 

for any f & F with f ^ 0- Let {/i, /2, . . . , /jv+i} be an orthonormal basis in F. 
Use monotone convergence to fix n > 1 such that 

{N + 1) f {V-Vn)\fkfdx<S, k = l,2,...,N+l. (5.4) 
Jq 

Now, since dimF > N{X, n) there must be scalars Ci, C2, . . . , cn+i, not all zero, 
such that g := Ci/i + C2/2 + • • • + cjv+i/at+i satisfies 

{Hog,g)- fVn\g\^dx>-X\\gf. 
Jn 

Note that |cip + \c2\^ + ■■■ + |cjv+ip = H^ll^- Now, by (5.4) 

hy[g] = {Hog,g)- [Vn\g\^dx- [ {V-Vn)\g\^ 
Jq Jn 

N+l 

>-A||c;||2-(Ar+i) Vicfep / [V-VMl'^dx 
fc=i 

>-{X + 5)\\gf. 
This contradicts (5.3), and therefore (5.2) holds. 

By (5.2), the negative spectrum of _H" — F is discrete. Denote by Xj and Aj,„, 
where j = 1,2,3,.. ., the negative eigenvalues of Hq — V and Hq — Vn, respec- 
tively, ordered such that 

Ai < A2 < • • • and Ai,„ < A2,„ < • • • • 
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For convenience, we always consider infinite sequences Xj and Aj,„. If tliere 
should only be finitely many, say k, negative eigenvalues for the operator Hq — V, 
or Ho — Vn, we let Xj = 0, or Xj,n = 0, for j > k. Note that 

Xj,i ^ Xj^2 ^ ' ' ' ^ Xj . 

Using (5.2) as n — > oo, and the result now follows 

from (5.1). □ 
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